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1. Introduction 

A recent supersymmetric analysis of the 
supergravity-superbrane interaction [Q|2j in 
which supergravity is described by its group 
manifold action (not as a background), as well 
as other related models makes desirable a 

reexamination of the role of local supersymmetry 
and, more generally, of the gauge symmetries in 
supergravity models. 

We present here a detailed account of local 
symmetries, beginning in Sec. 2 by the differential 
forms formulation of _D-dimensional general rela- 
tivity. We describe in Sec. 3 the complete set of its 
spacetime gauge symmetries, including diffeomor- 
phism invariance whose discussion, together with 
general coordinate transformations, becomes es- 
pecially relevant when the interacting system of 
(super) gravity and (super-p-)brane is considered. 
This is so because in the super-p-brane action the 
spacetime variables play a dynamical role. 

We explain how the presence of diffeomorphism 
invariance provides the possibility of presenting 
the general coordinate invariance in an equiva- 
lent form, its 'variational version', which does not 
act on the spacetime coordinates (see |^ for the 
D = 4 N = 1 superfield supergravity case). In 
Sec. 4 we consider the second Noether theorem 



for general relativity. Then, in Sec. 5, we de- 
scribe the general structure of the action for the 
standard, component formulation of supergravity, 
its local symmetries and their associated Noether 
identities. 

Sec. 6 is devoted to the superspace general co- 
ordinate symmetry and other gauge symmetries 
for the on-shell superfield formulation of super- 
gravity, where supergravity is described by the set 
of constraints on the superspace torsion, which 
imply dynamical equations. We apply this knowl- 
edge in Sec. 7 to uncover the relation between the 
local supersymmetry and the K-symmetry of the 
supermembrane in a D = 11 superfield super- 
gravity background. 

2. D— dimensional General Relativity in 
differential form 

Z)-dimensional gravity models can be formu- 
lated in terms of the moving frame or vielbein 
fields ei^{x) (tetrad in = 4), which determine 
the vielbein one-forms on spacetime , 

e''{x) ^ dxi'ei^ix) . (1) 

A change of frame is given by a matrix of the local 
SO{l,D-l) group. 



e"(x) 



'{x)^e\x)K^,''{x), 
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K^rjcdt^b'^ = Vab = diag{l, -1, . 
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(2) 



This local Lorentz symmetry is the first gauge 
symmetry of gravity theory to be noted. Its in- 
finitesimal form is 

L''''{x) ^ -L'"'{x) , (3) 

where Ab^ix) = St" + Wix) + 0(1"^). It is con- 
venient to introduce the spin connection 



is the Einstein tensor as a (D — l)-form. 

The ^e" variation produces the free Einstein 
equation 

M(D-l)a - ^ Raa''' - IdJ'Rcd^'' = . (11) 

In the first order approach^ eq. (||) also gives the 
torsion constraint (H) 



&Se 







A(I5-3) . rpc 



ibc 



w'^^x) = dx^'wf[x) = , (4) 

with the transformation rule w°'^'{x) — 

{K-^{x)dK{x)Y^ + {K-^{x)w{x)K{x)Y^, or 



(12) 



In the second order approach, the torsion con- 
straint (^) is imposed ab initio, so that 

S.W^^x) = VL^^ ^ dL^^ - 2Ll^lW^ . (5) SSnMT^=o = -(-1)^ /m« M^D-iy A Se'^ . (13) 



The spin connection can be either expressed from 
the beginning through the vielbein field by im- 
posing the covariant torsion constraint 



(6) 



(second order approach), or treated as an inde- 
pendent variable in the action principle (first or- 
der approach). In both cases the dynamics is 
determined by the Einstein-Hilbert (EH) action, 
which can be written in terms of differential forms 
on as (see e.g. mM and refs. therein) 



MD-q) _ 



where Ca^.^.a^' = J^^Sa,...a,b^...bo^, e^i A . . . A 
gbn-q g^j-^fj jiab jg -j-j^g Riemann curvature, 

Rab ^ dw'''' - w'"' A wj' = 

= ^dx" A dx^i?,,^'''' EE ie'* A e^R^a'"'' ■ (8) 
The variation of the EH action (j^) read^ 

SSd,g = -(-1)^ M(D-l)a A Se^ + 

+ /M-ea1^'^AT=A(5u;'^^ (9) 

where 



6c 



'<^a''i?c/'')efc^(a:) , (10) 



1 ■ r A{I3-2) 

Since (, = 

dCe^f^-^)^"^ _(_l)De^(f-^) Ade- and 75(e^(^-2') 

^ ^ ahc 



Thus, varying the EH action one can ignore the 
dependence of the spin connection on the vielbein 
(see jl^ and refs. therein). 

3. Gauge symmetries of General Relativity 

3.1. Diffeomorphism invariance 

All the above formalism is written in terms of 
differential forms on spacetime. Clearly, these are 
invariant under an arbitrary change of local co- 
ordinates i.e., they are M^-diffeomorphisms in- 
variant 

a;M ^ ^x^' + Sdiffxt" =x^' + b^'{x) , (14) 
e''{x) ^ e'°(x') = e'^ix) , etc. (15) 

In field theory analyses, where only fields, such 
as eJ5 (x), are considered as dynamical variables, 
this obvious invariance can be ignored in favour of 
general coordinate symmetry (see below). How- 
ever, when the coupled system of (super)gravity 
and (super)brane is considered in the framework 
of an action principle (see ||l|,|l) the set of dynam- 
ical variables includes, besides the fields eJJ(x) 
etc., the local coordinate functions a;''(^) defined 
by the map $ : WP+^ ^ M°, where WP+^ 
is the worldvolume with local coordinates ^* = 
{T,a^, . . . ,aP). This suggests adopting a field- 
space democracy approach [|o| where the fields 
(eJ5(x) etc.) and the spacetime coordinates x'^ 
are treated on equal footing. 



3 



3.2. General coordinate symmetry and its 
'variational version' 

Besides being local Lorentz and diffeomor- 
phism invariant, the EH action is invariant 
under general coordinate transformations as we 
discuss below. 

To derive the equations of motion for a field 
theory from the variational principle, as e.g. eq. 
( p!T[ ) for general relativity, one uses arbitrary vari- 
ations of the fields only, e.g. (5'e°(x), so that 

J'x^ = , S'e^ix) = dxt^d'e^ix) . (16) 

On the other hand, a general variation Se°'{x) is 

Se^ix) = d'e^ix) + Ss^e^ix) , (17) 

where Ssx denotes the variation due to the change 
X x' = X + Sx. The Ssx variation is given by 
the Lie derivative Lg^ = disx + ^Sxcl. For instance, 

Ssxe°-{x) := e'^{x + Sx) - e"(a;) = 

= Lsxe°-{x) = disxe°'{x) + isxde°-{x) = 

= V{isxe^{x)) + iSxT^ix) + e^ iSxWt^ , (18) 

where 

isxe"" = Sxf^e^^ix) , isxW^ = Sxf'w''^\x) , 

iSxT^ix) = e^xe^Tcb^ix) ; (19) 

the last term in (p^, e^isxWb"' = 5x^w^h°'{x), 
is the local Lorentz rotation induced by 5x^^ . 

In the above notation, diffeomorphism invari- 
ance ((p^), (p5|)) can be formulated as a symme- 
try under the transformations 

6MffX^' = ¥'{x) , (20) 
5d^f}e'^{x) = S'^^ffe'^x) + Ue^ix) = . (21) 

Thus, S'diff^'iii^) defined by — (ibe"^)^, i.e. 

S',,fje-{x) = -Ue- , (22) 

and SdiffSo.G = follows as an evident conse- 
quence of (li) and (1^). 

In contrast, general coordinate transformations 
or local translations are defined as arbitrary dis- 
placements of the spacetime points, 

xi^ ^ a;M' = a;A' + Sgcxt" = x^' + t^'{x) (23) 



(c/. (po|)) which induce differential forms trans- 
formations as e.g. 

e"(x) ^ e^ix') = e^ix + Sgcx) = e"(x + t) , (24) 
i.e., 

Sgce-'ix) = Ss^e'^ix) = 6te''{x) = Lte%x) = 

= V{t''{x)) +itT''{x) +e''itWb'' (25) 

(as in (|l|)) where fix) = ite''{x) = i^(a;)e;i(x) . 

Consider a Z?-form Co on , involving the A 
product of forms, their exterior derivatives and, 
possibly, the * Hodge operator. Then Cd{x) 
Cd{x') ~ Cd{x + t), and 

SgcCo = LbCo = {itd + dit)CD = d{itCD) ,(26) 

since any Z?-form on AI^ is closed. Thus, any 
S — C,D is general coordinate invariant. In 
particular, the EH action (|^) possesses this in- 
variance. 

Thus, one may look at 5diff and 5gc, respec- 
tively, as passive and active forms of the same 
spacetime coordinates transformations, unaffect- 
ing any theory defined through an integral of a in- 
form Cd on . This picture changes when the 
action of a p-brane, which is given by an integral 
/^yp+i Lp+i on the {p-\- 1) -dimensional worldvol- 
ume is considered together with J^^^, Co- 

The coupled action Jj^^j, Ld+ Sy/p+i ^p+i will still 
possess spacetime diffeomorphism invariance pro- 
vided is formulated in terms of pull-backs 
of spacetime differential forms (so that eq. ( |T^ ) 
implies x^(0 ^ x^"{C^ = x^{Cl + b^'{x{0) ): but 
it will not be spacetime general coordinate invari- 
ant, since such an invariance means equivalence 
between different spacetime points, and points on 
the brane are not equivalent to points outside it. 

Let us go back to the pure gravity case. On 
account of diffeomorphism invariance, one can use 
equivalently (rather than Sgc{t), eqs. (p3|)-( p5|)) , 
6ac(t) followed by a diffeomorphism (eqs. (^0[), 
(|2|)) with bi'ix) = -ti'ix), Sdtffib -t). As we 
are dealing with a local Lorentz invariant theory, 
we may also add a local Lorentz transformation 
with parameter L°'^ — —ifw"'^ and get 

hdt") ■■= Sgcif") + Sd^ff{b'' - + 

+ SgciL'^" = ^itw""") . (27) 
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This 5gc{t°-) will be called, following ||], the 'vari- 
ational version' of the general coordinate trans- 
formation Sgc{t°-). Indeed, it does not act on x^. 



SgcX^' 



(28) 



so that, e.g. (eqs. (|l|), (||)), 



Sgce^ix) + eH'^Tbc'^ix) = S'g^e^{x) . (29) 

Thus 6gc provides the complete general co- 
ordinate variation of a differential form, e.g. 
Sgce°'{x) — Sgce°-{x), as a result of the field varia- 
tion Sgf. only. 

In the second order approach, where T'^ = 0, 
the Sgc transformations ( |29| ) simplify and acquire 
the characteristic form of a gauge field transfor- 
mation, 



dgce''ix)\T^=o^Vt'' 



(30) 



This provides the possibility of treating gravity 
as a gauge theory of local translations in their 
variational form 6gc (see [|| for early discussions 
of gravity as a gauge theory). 

Note, finally, that since the above Z?-form Co 
is diffeomorphism invariant and SgcS = by (|2^), 
it follows directly from (^^ that 6gcS = also. 

4. Second Noether theorem applied to 
General Relativity 

The invariance of the EH action (|^) under 
the variational version of the general coordinate 
transformations Sgdt""), 

IgcSofi - i-^)'' hiO T^M^D-l)a {x) =0,(31) 

follows from the fact that the Bianchi identity 
VR"-^ = and the torsion constraint (^) imply 



VM, 



D-l)a 







(32) 



(for simplicity, we use in this section the second 
order approach). This is the so-called Noether 
identity (NT) which reflects the presence of a 
gauge symmetry, here the symmetry under Sgc- 

In general, the second Noether theorem states 
that any gauge symmetries, SgaugeS = 0, given 
by transformation rules that involve the deriva- 
tives of the local parameter up to fc-th order, are 



in one-to-one correspondence with their associ- 
ated NIs, i.e. with identically satisfied relations 
between the {l.h. sides of the) Lagrangian equa- 
tions of motion and their derivatives up to fc-th 
order. 

To discuss also Sdiff and 6gc in this frame- 
work, consider the second order approach to D— 
dimensional general relativity in a field-space 
democracy context |l^, where coordinates and 
fields are treated on the same footing. Then, the 
dynamical variables are the vielbein field e^(a;) 
and the spacetime coordinate x^. Their La- 
grangian equations are 



0, Ml^ 



and 

( T\D SS 



(33) 
(34) 



where defines the differential Z?-form 

M(D-i)a. eq. (0). 

To find an explicit expression for A/'p one uses 
the splitting (1^) of the general variation of the 
EH action (^j) 



5Sd,g = -(-!)'' !mo M^D-l)a A 



A(J'e°(a;)-hfce"(a;)) 



(35) 



The Einstein equation (^4|) now follows from the 
6'e°'{x) variation, while the Sx^ variation entering 
Ssa^e'^ix) =V{iso.e''ix)) + e''i5a^Wb'' (eq. (|l|) with 
T" = 0) results in eq. (H) with 7V^ defined by 



-(-l)^M(c-i)aAeVfc" 



(36) 



The variational version of the general coordi- 
nate transformations Sgc, (p8|)-(|3^), as well as the 
local Lorentz transformations Sl, (^, do not act 
on the spacetime coordinates. As a result, the NIs 
reflecting the invariance under Sgc and S^ only in- 
volve the l.h. side of eq. (|l^) (eqs. (|^)) 

(37) 
(38) 



SgcSo.G^O 4=» VM^D-l)a = 



SlSd,g = 



M: 



(D-l)[a A Cf,] 



= 



In contrast, for the general coordinate symme- 
try in its original form Sgc, (|2^), (p^, the ba- 
sic transformations are arbitrary changes of the 
spacetime points, eq. (pSf). Thus, 



SgcSD,G — 



M^:=^^0. (39) 
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Using eq. together with (|3^) and (|3^) one 

finds that the identity (|39| ) holds indeed. 

It might look strange that two equivalent for- 
mulations of the same general coordinate symme- 
try, 5gc and 5gc, have different NIs. The reason is 
simple: a linear combination of these NIs repro- 
duces the NI for diffeomorphism invariance Sdiff, 
(|0|), (|l]) (or, equivalcntly (|l|), (|l|)). Indeed, 
the explicit form of Af^ ( |36| ) actually provides us 
with such NI 

Sdiff S = ^ d^xMf, - (-1)^ X 
{VM^D-i)ael - M(D-i)a A w^^'^) = . (40) 

As the two terms inside the brackets are identi- 
cally equal to zero due to the NIs for 5gc and 5l, 
(eqs. and (H)) the NI implies (||) and 
viceversa. This translates the definition of 6gc in 
eq. ( p7|) to the language of the second Noether 
theorem. 



5. Z? dimensional supergravity 

5.1. Local supersymmetry and supergrav- 
ity 

Supergravity (see e.g. [ p^ and refs. therein) 
is the gravity theory invariant under local super- 
symmetry Sis. This is a local symmetry involving 
a fermionic (Grassmann) spinor parameter e— (x), 
( a = 1, ... 71 is a D-dimensional Lorentz spinor 
index, n =dim{Spin{l, D — 1)). Hence Sis{e—) 
mixes the graviton field, i.e. the vielbein ej^(a;), 
with a fermionic field, the gravitino or Rarita- 
Schwinger field ijj^{x). Specifically, 



(41) 



Using the fermionic one-form e—{x), 

e^{x) := dxt'^^ix) = e'^Vr(x) , (42) 
eq. ^) reads 

Sue^x) = ~2ie^x)ri^e^{x) , (43) 

The vector-spinor gravitino field has the proper 
index structure to be the gauge field for local su- 
persymmetry. Thus it is natural to assume that 



Su-ip^ix) = Vf.e-ix) , 



(44) 



or, equivalcntly 

Sisc^x) = Ve^x) . (45) 

The guess (Q or (^ is supported by the fact 
that the linearized form S'f^ of (45), 



Sle^x) = de^x) , 6l^f{x) = d^e^x) , (46) 

is an evident symmetry of the free Z?-dimensional 
Rarita-Schwinger (RS) action on flat spacetime 

ocJd^x^r^Jd,4- (47) 

The first candidate for a locally supersymmet- 
ric action is the sum of the free EH action (^ and 
the RS action (47) 'covariantized' with respect to 
the local Lorentz transformations (0) 



S 



2+3/2 



D 



,3/2 
-D 



rl - nab A ^A(D-2) 



'pahc 
^ a/3 



(48) 
(49) 
(50) 



For D = 4, = 1, S]^''^ is indeed locally su- 
persymmetric under (^3[), ( |4^ ) and provides the 
action for the simple D = 4 supergravity ||ll| (see 
also lilJTl). 



'4,SG 



5* 



2+3/2 



(51) 



5.2. General structure of the supergravity 
action and equations of motion 

In higher dimensions (in particular, in D = 
10,11) the supergravity multiplet involves a set 
of antisymmetric tensor gauge fields C^^,,,fj^^{x) 
described by differential forms 



Cq = ^dxt'" A ... A da;''iC,.,...^,(x) 



(52) 



(C3 for D = 11; C2, Ca and B2 in L» = 10 type 
IIB, Ci, C3 and B2 \n D ^ 10 type IIA, etc.) 
and, in 4 < D < 11, scalar fields {e.g. dilaton 
^ in I? = 10 type IIA and IIB and axion Cg in 
D = 10 type IIB) and spinors. Thus, in general 



SsG,D - Jmd i^D + 



(53) 



Hd^^ includes, in particular, the kinetic term for 
the q-form gauge fields 

^\d^xdet{e1)U^,,...^^^,W^-^-^^ -r... , (54) 
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where 

Uq+i dCq - cie^ A A f (55) 

= T^d^'^'^' ^ rfa;^^WMi...A^,+i : (56) 

f Woe H^"^ A ... A e'^'=rai...a,ae , (57) 

is the generahzed field strength of Cq. 

These kinetic terms can be written in a first 
order form (which is suitable for discussing the 
relation with superspace approach, see |@,||) if 
one adds to every gauge g-form Cq an auxil- 
iary antisymmetric tensor field -F'ai...ag+i (2;) — 
F[ai...ag+i]{x)- These fields can be used to con- 
struct the (g-f f)-forms and the (Z? — g— l)-forms 

Fq+, = j^e-^^^ A...Ae-^ Fa,...a,^, {x) (58) 

To-q-i = e^|^'a7+",'^ F-^--^^^{x) , (59) 

which allow us to write the kinetic term(s) (|5^ ) 
as 



^D~^ — c{Hq+l — ^Fq+l) A To-q-l + 



(60) 



where the terms denoted by dots do not contain 
F°i-°'+i(a:). 

Indeed, the variation of p°''^---°-i+^[^x) leads to 
the algebraic equation 



F, 



9+1 







(61) 



which identifies the auxiliary field F°-^---°-'i+^{x) 
with the generalized field strength of the tensor 
gauge field Ca^,„a^{x), 



Fa,...a,^^{x) - (g+l)V[,,C, 



' [a,i 



where the dots denote the terms with torsion and 
fermions. Substituting eq. (|6^) into the La- 
grangian form (60) one arrives at the standard, 
second order approach, representation for the ki- 
netic term of the gauge field Cq, Unjx), eq. (|5^). 
On the other hand, varying (p3|), (|60|), with re- 
spect to the gauge ficld(s) C^i...^, (a;) one finds 

G(D-q) ^ d(ea|^'ar,'V'^— + . . . = ,(62) 

which, after the use of eq. (|6l|), becomes the dy- 
namical gauge field equation. 



For future reference we note that the equation 
5Sd,sg/5'w°'^ — determines the 'improved' con- 
straint on the spacetime torsion T" (c/. (||)), 



T<^ + ie^ A e^r^, = , 



(63) 



while 5e— and ^e" provide the differential form 
expression for the RS and Einstein equations of 
supergravity 



M, 



a ■- 



= 0, (64) 
0. (65) 



For simplicity, we will not consider here the 
cases where the supergravity multiplet involves 
scalar and spinor fields. Thus our basic examples 
are D = 3, 4 and 11 supergravity. 

In the above notation a generic variation of the 
supergravity action reads 

+ (-l)''/Mi.*(I5-l)a A<5e^ + 

+ i-ire^l^-'^ A (T^ + ^el A e^F^,) A Sw^'' 
+<=lMo{nq+^ - Fq+,) A e^^,''-^%'^6F-^--^^^ + 



+<-^)''"Imo Go-qASCq 



(66) 



5.3. Local supersymmetry, general coordi- 
nate symmetry and Noether identities 

The above first order form of the supergravity 
action (see §), eq. (||) with (g|), and (|^), 
is written in terms of differential forms on 
(including the covariant zero-forms fai...ag+i (a;)) 
and thus is invariant under A/^-diffeomorphisms, 
defined by eqs. (|2^), ( p2[ ) and the analogous ones 
for e—{x) etc. 

The action of D-dimensional supergravity (|5S 
being a generalization of the EH general relativity 
action, eq. (|^), possesses local Lorentz invariance 
(^) and general coordinate invariance under Sgc 
(eqs. (H^), (p5|)) or, equivalently, under its vari- 
ational version Sgc (eq. (p7|)). Moreover, it is 
invariant under local supersymmetry transforma- 
tions (5/s(e-), 



Sisx'' = , 
SisC^ix) = -2ie^x)r''^,e^x) 



(67) 
(68) 
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Sisc^x) = Ve^x) + €^{x)Mie-{x) , (69) 

6isCp+iix) = 2cie^iA f (P)^ e^(x) , (70) 

(5i«?z;''''(x) = Wf|(x)e^(a;) , (71) 

J^^^ai...a,+ i(^) = 5f -"'+'6%) , (72) 

where S^^'"""'*^ (x) and the one-forms A^ic— (x), 
'Wie'^^{x) are constructed from the fields of the 
supergravity multiplet and the auxihary fields 

Then, the experience of Sees. 3,4 allows one 
to conclude (actually without any further calcu- 
lations) that the general coordinate symmetry in 
its variational form Sgc, eqs. ( p8|), ( p9|), and the 
local supersymmetry 6is, eqs. (|67D-([72|), are re- 
fiected by Noether identities relating the l.h. sides 
of the Reld equations only, namely 



{D-l)a - 



VM, 



(D-l)a 







, (73) 
(74) 



where the terms denoted by dots turn out to be 
proportional to the l.h. sides of eqs. (|6l|)-(|6^, 
but not of the Einstein equation ( |65| ) . For exam- 
ple, for D = 4: N — 1 supergravity the full NIs 
(^, (0) read 

-r,^I?e^A(r'' + zelAe^r^5) = 0, (75) 



VNha- A (T"^ + ie^ A e^F^) = 

To check that 5isSd,sg = (or SgcSD,SG = 0) 
implies ( |73|) ( or (|7^ )) and viceversa it is sufficient 
to insert^7l)-(|^(or (|2|), (||)) in the general 
expression for the supergravity action variation 
36|), 

sSd,sg - -(-l)^/jvj«(Af(z5-i)a A(5,,e° - 



(_D-1)q 



= /M-(-2*^^(^-i)a A e^r^ + 

+2?*(i5-i)a + ...)e^ = 0. (76) 

Then, one sees again {cf. Sec. 4) that the gauge 
invariance of the action and the Noether identities 
imply each other. 



6. Supergravity in superspace 

The local supersymmetry Sis{e—), eqs. (|67 
d?^), has a structure which resembles that of the 
variational copy of the general coordinate trans- 
formations, Sgcit"") (eqs. (p3|), ([25|)), but with a 
fermionic parameter. The similarity can be rec- 
ognized also from the structure of the Noether 
identities, (73), (^. This is one more rea- 
son for the existence of superspace S^^'") (origi- 
nally introduced [Q in connection with global su- 
persymmetry) with coordinates Z*^ = {x^ ,9"), 
a — 1, . . . ,n, where, £.17. n — 21^/^1 for = 1, 
D 7^ 10 and iV = 2, Z? = 10. The holonomic or 
coordinate basis for the cotangent superspace is 
provided by dZ^ = {dx^ ,(19"), while the general 
unholonomic basis (with Spin{\,D — 1) indices 
denoted by underlined greek letters) is defined by 
the supervielbein forms Q 

E^[Z) ^ {E''[Z),E^Z)) = dZ^'E^j(Z) . (77) 

The differential geometry of spacetime can be 
extended to superspace 1^. In particular, intro- 
ducing the spin connection superform 



,,ah 



dZ 



M,„ab 



'W 



M 



l„,ahT 



Fafca^, (78) 



one can define superspace torsions and curvature 
T" VE'' = dE'' - E^ A 



VE^ = dE^ - E^ 



:= \E^ A E^Tbc^ , 
= - w'"' A Wc'' 
1 j^A ^ e^Rbc"^ 



(79) 
(80) 
(81) 



as well as, when the supergravity multiplet con- 
tains antisymmetric tensor gauge fields Cq{x), the 
generalized field strengths 

dC„-ClESL^E^^f'^1-^^a. 



K 



9+1 



(82) 
(83) 

(84) 



of the various gauge superforms 



^E^^^^ A...AE^^Ca,...aAZ) ■ (85) 



^Such superforms, but depending on a Goldstone fermion 
©—(a;) rather than on the superspace coordinate 9^ , were 
already used in llSl. 
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6.1. Local supersymmetries of supergrav- 
ity in superspace 

The differential forms on S^^'"^ are invariant 
under arbitrary changes of coordinates, i.e. under 
local superspace difFeomorphisms, 

ZM ^ ^M/ ^ ^A/ ^ , (86) 

E'^iZ) ^ E^'{Z') = E^{Z) , etc. , (87) 
for which (c/. (|^, (H])) 

5sMffZ'^' = h'^'{Z) , (88) 
5sd^^fE^ = S'^a.ffE^ + LbE^ = , etc. . (89) 

The superspace local Lorentz transformation (5^, 
with superfield parameter L"-^{Z) = -i''"(Z), is 
also a manifest symmetry of supergravity. 

The superspace general coordinate transforma- 
tions are defined by an arbitrary change of the 
local superspace coordinates (as in (pq)), 



but, in contrast with (pa). 



(90) 



+ E''itWB^. (91) 

M 



itWB^ = t^'wMB^ , itE^ = t^E^i , etc 



wb^ — diag{wb°' ,Wf3—) 



(92) 



Using the superdiffeomorphism invariance, the 
variational copy S^gc ||§| of Sggc is defined by (c/. 
@) 



+ 5l{E 



ab 



-ItW 



.ab\ 



t^{Z) - itE^{Z) = t^'iZ)Etj{Z) . (93) 

Again 6sgc does not act on the superspace coordi- 
nates {x^, 9°'), but acts on superforms as the Lie 
derivative (c/. (|§)) 



SsgcZ^' := , 
~Ssg,E^{Z)=dZ'^~S',^^E^,{Z) 



(94) 



:=I?i^ + £;Ci^TBc^(^), (95) 
Ssgcw''''iZ) := £;^i^i?cD"'(^) . (96) 

In particular, the fermionic part dsgcfi^—) of 

sgc, 



S.^nn, determined by the parameter t^{Z) = 



{0,eHZ)), 6,g,f{e^Z)) = Ssgc{0,e^Z)), can be 
called superspace local supersymmetry. Its action 
is given by 



~SsgcfZ^' := 



^sgcf 



E'^iZ) := E^e^Tpc^Z), 



SsgcfE^Z) Ve^ + E^e^T^c^iZ) , 



'Jsgcf'' 



y"''(Z) := E^elR^D^HZ) 



(97) 
(98) 
(99) 
(100) 



and is similar, albeit not identical, to the straight- 
forward extension of the local supersymmetry 
transformations Sis (eqs. (|68|)-([72|)) to super- 
space. We will see below that the desired iden- 
tification of Ssgcf\e=o = ^ssc/(e-(a;,0)), with 
(5/s(e— (a;)) appears when the superspace con- 
straints are taken into account. 

6.2. Superspace constraints 

The unrestricted supervielbein and spin con- 
nection contain a large amount of fields (mostly 
unwanted). The supergravity multiplets can 
be extracted from the supervielbein by impos- 
ing covariant constraints on the superspace tor- 
sions, curvature and the gauge superform field 
strengths. The main constraints have the form 



T'' ^ iE^ A E^V^fj , 



(101) 

Hg+i dCg - ciE^ AE'-A f = 
= (^^"'+^ ^ ■ • • ^ E'^'Fa^.^a.^Z) , (102) 

and can be derived as a straightforward extension 
of the component, first order form supergravity 
eqs. (|63|), (|6ll ) to superspace. This fact is not ac- 
cidental. It reflects the existence of the so-called 
group manifold or 'rheonomic' approach to super- 
gravity which provides the bridge between 
the component and superfield formalism (see also 
Sec. 2 of 0] for a brief review). 



6.3. Local supersymmetry of {D 
pergravity constraints 



11) su- 



After the constraints (101), ( |102| ) are taken into 
account, the fermionic general coordinate trans- 
formations 5sgcf simplify. In particular. 



"sgcf 
SsgcfE°'{Z) - 



Z^' = 0, 

= -iiE^Vye^ 



etc. 



(103) 
(104) 
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Now one can easily see that 6sgcfE°-\e=o be- 
comes identical to Sise"", SsgcfE^\e=o — Sisb"', 
after the usual identification of the supergravity 
forms with the leading components of superforms, 
{E'',E^)\e=o.de=o = (e^^e^), etc., is made. 

To be specific, let us consider D = 11 super- 
gravity 11 (a = 0,1,..., 10 , a = 1,...,32). 
Here the superspace constraints (101), (|102D, 



T'' = -iEl A E^rZ 



7/3 



H4 = dC3^^E^AE^AT^^ 
A E^^ Fr,, 



imply 



= hE-^ A 



},E^ A £;'=T - \E^ A E^T, 



6/3- 



(105) 
(106) 



(107) 
(108) 



+ ^E'^ A Red"'' 



[a|/3p|&] 



(109) 



Using (105 )-(|109|), the superspace local super- 
symmetry (|97|)-( |l"00| ) takes the form 

(110) 
(111) 

(112) 

(113) 



Jsgc, 



SsgcfZ^^ — , 

fE- = -2iE^ri^e^{Z) 



sgcf Fax a2a3a4 



^'■T[a^a,^Va,a,]^AZ) , (114) 



+i 



^c(ya6ap^^_2r,[''iir''l„/3)e^. (115) 



Setting = 0, c;6' = in eqs. ([lllD-(|ll5[), one 
arrives at the on-shell version of the local super- 
symmetry transformations characteristic of the 
component supergravity action^ i.e., the actual 
local supersymmetry transformation which leaves 



Alternatively, substituting 0{x) for 9 in (111)-(115) one 



obtains the on-shell version of the local supersymmetry 
transformations characteristic of the group manifold or 
rheonomic action for D=ll supergravity 



the a ct ion i nvariant differs from the pull-backs of 
(111)- (115) to by terms which vanish on the 
mass shell ^. 

The discussion of the previous section suggests 
the following observation. The same transfor- 
mation rules for superfields (superforms), (111)- 
(115) appear for the original form of the fermionic 
general coordinate transformations with 



6,gefZ''^Az)E^HZ) 



(116) 



is^^^.E- ^6,gcfZ^'El,^0, 



is^^^jE^^SsgcfZ^'Ei 



M - ^-{Z) , 
SsgcfE- = -2iE^Tl^e^{Z) , (117) 

SsgcfE^ = Ve^Z) + E%i,^ e^iZ) , (118) 

SsgcfC.^E^At'^^e^iZ), (119) 

sgcf Faia^a^ai — '^^■E[aia2~^ a^ai] af3^—{Z^ ,(120) 
ah 



5sgcfw-^ = -4iE^ T^J" ^ r^l^)^ e^iZ) + 

+iE^{T''b^T,^p - 2r,['^iir''l,^)e£ . (121) 

Thus the D = 11 superspace constraints are in- 
variant under hoth &sgc] and Sggcf. This reflects 
the superdiffeomorphism invariance (^6|)-(|8^) of 
forms. 

7. Local supersymmetry and k symmetry 
of a superbrane in a supergravity back- 
ground 

To see why a full account of the local gauge 
symmetries in supergravity can be relevant, let us 
now consider the standard description of a super- 
p-brane moving in a supergravity background 0. 

Consider, £.17. the supermembrane (M2-brane) 
in the D = 11 sup ergr av ity b ackground defined 
by the constraints ( |l05| )-( p^ ). Its action is |l^ 



^11,2= J^s j,, * K A E'^ - Csii 



, (122) 

* Note that the restoration of such terms is an involved 
technical problem. However, the use of the second Noether 
theorem can simplify the proof of the local supersymmetry 
of the action, as it allows to work with equations of motion 
instead of the general variation. 

^Such description could be regarded as the background 
field approximation to a fully dynamical description of 
supergravity — super-p-brane system based on a coupled 
action including both the supergravity and super-p-brane 
Lagrangians [|l|. 
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where 

E- = dZ^'{i)Ei^i{Z) = ,(123) 
(73 = yz^'^ A ... A dZ^'^CMMiAZ) ,(124) 

are the pull-backs (j)*{E°-), (i)*{Cz) of the su- 
pervielbein and gauge field superforms on the 
X;(ii|32) superspace by the map 



. ^r3 _^ 5](11|32) 



:e^Z^'^(e), (125) 



so that = Z*^(^) etc. As supergravity 

is treated as a background, the set of dynami- 
cal variables includes only the local supercoordi- 
nate functions Z^'' {Cj = {x^'iCj, ^"(0), which de- 
fine the worldvolume as a surface in superspace, 
I^M ^ 5^(11132) I ^ z^i{^^)}. Hence the basic 

variations, (5Z*^(^), can be recognized as a coun- 
terpart of superspace general coordinate trans- 
formations (^, (^, and can be split into the 
bosonic and fermionic parts 



^,E^^6Z'^mf,{Z{S,)). 



(126) 



Taking into account the constraints, one finds 
that the fermionic variations of the super coor di- 
nate functions, 5fZ^'\C), defined by (c/. (p6|) ) 

J5,£;" = 0, iSjE^^O, 
^ 6fZ'^'{0^^s,EH0E^m)), (127) 
lead to 

5fE^ = ~2iE^Tl.,is,E^, (128) 



6fC:i^E^^T'^^'pis,El 



(129) 



(c/. (|116|), (|117|), (yj), where the role of e^Z) 
is played by igE—). Hence, 

= (-* * A ^^^r^ - A f 2 )*5, 

= V A £;i^(r'^(/ - ^))^pi5fE^ , (130) 

where 



7 ^ 



e'^^EfE^^ElT, 



he 



(131) 



is the well known matrix satisfying tr7 = 0, 7^ = 
I, that enters in the M2-brane K-symmetry pro- 
jector 5(1 + 7) (l6|. Thus, for is^E^ = is^E^ ■= 



(1 — 7)^^k£(^) we find (5„S'ii_2 = 0, which ex- 
presses the fundamental K-symmetry of the su- 
permembrane 

We see that when computing the fermionic 
variation Sf (eqs. ( |l27|) , ([l28| ), ( |l2g| )) of the su- 
permembrane action we actually perform a su- 
perspace fermionic general coordinate transfor- 
mation Ssgcf, eqs. (116)- (119), pulled back to 
W^: (j)* (Ssgcf) = Sf. The variation Sf pro- 
duces the super brane equations of motion on W^, 
^Ea A E^iV^il - 7))^^ = 0. Thus, the 
whole variation Sf is not a local symmetry of the 
dynamical system including the superbrane (oth- 
erwise, the brane dynamics would be trivial in the 
'fermionic' directions). However, this fermionic 
equation becomes an identity when multiplied by 
(1 -I- 7) , i.e. Ep{l -I- 7) EE 0. This is the Noether 
identity (Sec. 4, 5.3) for K-symmetry. On the 
other hand, as (p* (Ssgcf) — Sf, this means that the 
breaking of Ssgcf by the supermembrane is par- 
tial and that the part of Ssgcf preserved on is 
given by the K-symmetry transformations. More- 
over, as the brane action possesses manifest local 
Lorentz and diffeomorphism invariances, we can 
use ( pTj ) to conclude that 5/5*11^2 = <5sgc/5'ii,2 is 
equal to SsgcfSii^2- Hence SsgcfSii^2 = for the 
superfield supersymmetry transformations ( |110| )- 
( |113| ) with the parameter restricted on to be 
of the form e—{Z) = (1 — l)—f3K—{^), and we can 
state that K-symmetry is just the part of the local 
supersymmetry which is preserved by the brane 
action] 

8. Concluding remarks 

The above considerations indicate that 

i) The K-symmetry of the superbrane in the su- 
perfield supergravity background is the part of 
the superfield local supersymmetry characteristic 
of the supergravity constraints which is not bro- 
ken by the presence of the superbrane. 

ii) In any complete Lagrangian description of the 
supergravity — superbrane coupled system which 
includes the standard superbrane action, the lo- 



^See e.g. |l7[] for the relation between the local super- 
symmetry preserved by the bosonic brane solutions of the 
supergravity equations and the ft-symmetry of the effec- 
tive superbrane actions. 
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supersymmetry will be partially broken. Any 


th/0007044 


1; Fortschr. 


upled action describing both supergravity and 


(2001) |hcp-th/001211Cl 



Phys. 49, 625-632 



the superbrane will possess not more than 1/2 
of the local supersymmetry characteristic of the 
'free' supergravity action. 

iii) As the superbrane action is written in terms 
of pull-backs of superspace differential forms and, 
possibly, the worldvolume Hodge star operator, 
the complete coupled action evidently possesses 
superdiffeomorphism symmetry Ssdi / / • 

iv) As the superfield local supersymmetry can 
be equivalently considered as originated either 
from the superspace general coordinate transfor- 
mations Ssocfi (|116|)-(121), or from their varia- 



tional copy 5sgcf, ( |110| )-( |115| ), we conclude that 
the coupled system of supergravity and bosonic p- 
brane should possess 1 /2 of the local supersym- 
metry characteristic of the free supergravity, if 
the bosonic p-brane appears to be the 9{£^) — 
'limit' of a superbrane 

We hope to return to these points in forth- 
coming publications. 
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